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Abstract 

The main objective of this paper and the accompanying one jlO^ is to provide a 
notion of viscosity solutions for fuUy nonhnear parabolic path-dependent PDEs. Our 
definition extends our previous work [8 , focused on the semilinear case, and is crucially 
based on the nonlinear optimal stopping problem analyzed in [9;. We prove that our 
notion of viscosity solutions is consistent with the corresponding notion of classical 
solutions, and satisfies a stability property and a partial comparison result. The latter 
is a key step for the wellposedness results established in [TO]. We also show that the 
value processes of path-dependent stochastic control problems are viscosity solutions of 
the corresponding path dependent dynamic programming equation. 
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1 Introduction 



The objective of this paper is to introduce a notion of viscosity solution of the fohowing 
fully nonlinear path-dependent partial differential equation: 

- dtu{t,uj) - G{t,uj,u{t,uj),d^u{t,uj),dl^u{t,uj)) = 0, < t < T, cj G (1.1) 

where the unknown li is a progressively measurable process on the canonical space = 
{oj G C([0,r],M^) : ujo = 0}, and the nonlinearity G : [0, T] x x M x R"' x S"' ^ M is 
progressively measurable, satisfies convenient Lipschitz and continuity assumptions, and is 
degenerate elliptic. 

The latter question attracted our attention after the point raised by Peng in [21] that 
this would be an alternative approach to the theory of backward stochastic differential 
equations, introduced by the seminal paper of Pardoux and Peng [17J. 

The semilinear case, corresponding to the case where G is linear in the u— variable, 
was addressed in [8], where existence and uniqueness results are established for a new 
notion of viscosity solution. The main difficulty is related to the fact that the canonical 
space fails to be locally compact, so that many tools from the standard theory of viscosity 
solutions do not apply to the present context. The main contribution of [8j is to replace the 
pointwise extremality in the standard definition of viscosity solutions by the corresponding 
extremality in the context of an optimal stopping problem under a nonlinear expectation 
£. More precisely, we introduce a set of smooth test processes (p which are tangent from 
above or from below to the processes of interest u in the sense of the following nonlinear 
optimal stopping problems 

su])£[{(p — u)r], mi£[{{p — u)r], where £ := supE"^, £_ := inf E''", 
r T pg-p PeP 

r ranges over a convenient set of stopping times, and P is a weakly compact collection 
of probability measures, motivated by a convenient linearization of the nonlinearity F. 
Consequently, in the particular semilinear case of [8], the family V consists of equivalent 
probability measures. 

In this paper, we extend the definition introduced in [8] to the fully nonlinear case. 
In this context, the family V of probability measures consists of nondominated mutually 
singular measures. The analysis of the optimal stopping problem under the corresponding 
nonlinear expectation problem is a major difficulty which is addressed in [9]. Given this, we 
prove that our definition of viscosity solution is consistent with the corresponding notion 
of classical solutions, and we show that the value function of path-dependent stochastic 
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control problems as well as second order backward stochastic differential equations [3l [26] 
are naturally viscosity solutions of the corresponding path-dependent partial differential 
equation. This extends the context of backward stochastic differential equations of [8]. 

We also prove two important properties. First our newly introduced notion of viscosity 
solution satisfies a stability property similar to the finite-dimensional context. Second, the 
partial comparison result holds true. Namely, for any pair of viscosity subsolution u and 
supersolution u with < uj' on 0, we have u<u whenever either one of them is smooth. 
This result is crucial for the well-posedness results established in our accompanying paper 
|10j . We remark that Peng [22] also investigated the comparison principle for fully nonlinear 
PPDEs by using a different approach. 

We emphasize that our results hold for the general degenerate elliptic case. In particular, 
our context covers first order path-dependent PDEs, where our notion of viscosity solutions 
in fact reduces to that of Lukoyanov [13] . 

The rest of the paper is organized as follows. In Section [21 we introduce the general 
framework, we define a notion of classical differentiability which is weaker than that of [7] . 
In Section [3l we introduce our notion of viscosity solution of fully nonlinear PPDE, and 
we provide various examples which highlight the analogy with the properties of viscosity 
solutions in finite dimensional spaces. We prove the consistency with the notion of clas- 
sical solution. In Section [JJ we show that natural examples as the value function of path 
dependent stochastic control problems, or solutions of second order backward stochastic 
differential equations, are viscosity solutions of the corresponding path-dependent PDEs. 
Section [J] contains our stability and partial comparison results. Section [Hj shows that our 
framework includes backward stochastic PDE by a convenient augmentation of the canon- 
ical space. Finally, Section [7] revisits the semilinear case and provides an alternative and 
simpler well-posedness argument to that of our previous paper |8j which will be extended 
to the fully nonlinear case in our accompanying paper |10] 

2 Preliminaries 

2.1 The canonical spaces 

Let $7 := {a; G C([0,T],M'^) : ujq = O}, the set of continuous paths starting from the 
origin, B the canonical process, F the filtration generated by i?, Pq the Wiener measure, 
and A := [0, T] x Vt. Here and in the sequel, for notational simplicity, we use to denote 
vectors or matrices with appropriate dimensions whose components are all equal to 0. Let 
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S denote the set of d x d matrices, and 

X ■ x' := Yli=i^i^i ^'^y ^ ^'^j 7:7':= Trace[77'] for any 7,7' S S'^. 

We define a norm on il. and a metric on A as follows: for any {t,u}), {f ,u}') G A, 

:= sup doo{it,u;), {t' ,u}')) := \t - t'\ + \\uj,m - ^'aAt- (^•^) 

0<s<t 

Then {Q,, \\ ■ \\t) and (A,doo) are complete metric spaces. We shall denote by C^{A) (resp. 
UC{A)) the collection of all progressively measurable processes which are continuous (resp. 
uniformly continuous) in {t,uj) under doo. The corresponding subsets of bounded processes 
are denoted C°(A) and UCb{A). Finally, C°(A,M'^) denote the space of M"^- valued processes 
with entries in C°(A), and we define similar notations for the spaces C^, UC, and UCb- 

Definition 2.1 By U_, we denote the collection of all ¥ -progressively measurable processes 
ti : A — 7- M such that u is bounded from above and 

- for all oj G Q, 1 1 — > u{t,uj) is cddldg with positive jumps, 

- there exists a modulus of continuity function p such that for any {t,uj), {t' ,uj') G A.' 

u{t,uj) -u{t',uj') < p(doo{{t,uj),{t',uj'))^ whenever t < t' . (2.2) 
By U we denote the set of all processes u such that —u G L[. 

Remark 2.2 (i) The progressive measurability of u implies that u{t,uj) = u{t,uj./\t), and 
it is clear that U_r]U = UCb{A). We also recall from |9j Remark 3.2 the redundancy in the 
above assumption that Condition ()2.2p implies that X has left-limits and Xt- < Xt for all 

tG (o,r]. 

(ii) For simplicity in this paper we consider bounded and uniformly continuous solutions 
only. We leave for future work the question of replacing the boundedness assumption by 
some growth condition, and the uniform regularity by some local uniform regularity. ■ 

We next introduce the shifted spaces. Let < s < t < T. 

- Let fi* := {a; G C{[t,T],W^) : cj^ = O} be the shifted canonical space; B^ the shifted 
canonical process on il*; F* the shifted filtration generated by B*, Pq the Wiener measure 
on il*, and A* := [t,T] x il*. 

- Define || • ||s on $7*, doo on A*, and C''(A*) etc. in the spirit of (j2.ip and Definition 12.11 

- For Ci; G il* and G 17*, define the concatenation path w i^j w' G $7^* by: 

{ui®t^^'){r) ■■=ujA[s,t){'i') + {'^t + i^'r)\t,T\{'r), for all re[s,T]. 
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- Let s G [0,T) and uj G il.^. For an J^|.-measurable random variable ^, an F^- 
progressively measurable process X on 17*, and t G {s,T], define the shifted J^-measurable 
random variable ^^''^ and F*-progressively measurable process X*''^ on (7* by: 

C*''"(a;') := ^{uj 0t uj'), X*'^(a;') := X{uj 0t ^0. for all lo' G 0*. 

It is clear that, for any {t,uj) G A and any u G C'^(A), we have u*''^ G C'^(A*). The other 
spaces introduced before enjoy the same property. 

Finally, we denote by T the set of F-stopping times, and H C T the subset of those 
hitting times H of the form 

H := inf{t : Bt G O"} A to = mf{t : d{u;t, O") = 0} A to, (2.3) 

for some < to ^ ^5 ^-nd some open and convex set O C M'^ containing 0. The set T-L will 
be important for our optimal stopping problem, which is crucial for the comparison and the 
stability results, see Remark 12.51 We note that H = to when O = M'^. Moreover, 

H > 0, H is lower semicontinuous, and Hi A H2 G "H for any Hi, H2 G H. 

Define 7~* and in the same spirit. For any t £T (resp. H G Ti) and any (t,uj) G A such 
that t < t{uj) (resp. t < H(a;)), it is clear that r*'"^ G T* (resp. H*''^ G V.^). 

2.2 Capacity and nonlinear expectation 

For all L > and t G [0, T], let Vj^ denote the set of probability measures P on il* such 
that there exist F*-progressively measurable R'^-valued processes a^, an S'^-valued process 
13^, and a d-dimensional P-Brownian motion satisfying: 

\a^\<L, 0<f< V2LId, dBt = pJdWf + a^dt, P-a.s. (2.4) 

As in Denis, Hu and Peng [6], the set induces the following capacity: 

Cl^iA] := sup P[^], for all A G J^t- (2-5) 

veVL 

We denote by L^(J^y,7^|^) the set of all measurable r.v. ^ with suppgpt^ £"^[1^1] < 00. 
The following nonlinear expectation will play a crucial role: 

?f[^]:= supElP'[^] and £^[C] := inf E^^] = -^f K] for all ^ G LH-^t,^!)- (2-6) 

Pep* Pep* 

We remark that £^[^] can be viewed as the solution of a Second Order BSDEs (2BSDE, for 
short), or a conditional G-expectation. See Section H] for more details. 
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Definition 2.3 Let X be a progressively measurable process with Xt G lJ-{Ft,VL)- We say 
that X is a £^ —supermartingale (resp. submartingale, martingale) if, for any {t,oj) G A 
and any t ^ T^, £^[Xr^] < (resp. >,=) Xt{uj). 

We now state an important result for our subsequent analysis. Given a bounded pro- 
gressively measurable process X, consider the nonlinear optimal stopping problem 

5f[X]H:= sup^f[X*'-] and Sf:[X]{u) := mf £j[Xt'^], {t,u) e A. (2.7) 

By definition, we have > X and = Xt- The following nonlinear Snell envelope 

characterization is proved in [9]. 

Theorem 2.4 Let X be bounded, H G "H, and set Xt := Xjlj^^gj -|-XH_l{f>H}- Define 

Y := [X] and t* := mi{t > : Yt = Xt}. 

Then Y^-* = Xr* , Y is an £^ -supermartingale on [0,h], and an £^ -martingale on [0,t*]. 
Consequently, r* is an optimal stopping time. 

Remark 2.5 We emphasize that the maturity of the above nonlinear optimal stopping 
problem is restricted to be a hitting time in T-L. This requirement is due to technical aspects 
in the proof of Theorem 12.41 reported in [9j . The difficulty is related to the approximation 
of the optimal stopping policy r* by continuous random variables in view of the application 
of the monotone convergence theorem under nonlinear expectation. 

2.3 The derivatives 

For s G [0,T), u G C^{A'^), we define its right time-derivative, if it exists, as in Dupire [7]: 

dtu{t,uj) :=lim^ t G [s,T) and dtu{T,u;) := limdtu{t,u}). (2.8) 

hlQ h r[T 

We define the space derivatives via the functional Ito formula, which plays an important 
role in our paper. Denote 

'Poo := [Jl>oPl and := UL>o^i' t G {0,T]. 

Definition 2.6 We say u G C^'^(A) if u £ C°(A), dtu G C°(A), and there exist d^jU G 
C°(A,R°'), d^^u G C°(A,S^) such that, for any {s,u}) G [0,r) x n and any P G V^, n^'^ is 
a local F-semimartingale and it holds: 

du'''^ = {dtuy''^dt + {dujuY''^ ■ dB' + -{dl^uY^"^ : d{B'), P-a.s. (2.9) 

2 
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We define C^'^(A*) similarly. It is clear that, for any and u G C"^'^(A), we have 

By a direct localization argument, we see that the above d^^u and d'^^u, if they exist, 
are unique. Consequently, we call them the first order and second order space derivatives 
of u, respectively. 

Remark 2.7 (i) The typical case that dajU,d^^u exist is the case that u is smooth in 
Dupire's sense [7J, and in that case our space derivatives agree with the vertical derivatives 
introduced therein, due to the functional Ito formula. Therefore, any smooth function in 
the sense of Duprie's calculus is also smooth in the sense of Definition 12.61 So our space 
C^'^(A) is a priori larger than the corresponding space in [7J. In particular. Definition 12.61 
is different from the corresponding definition in our previous paper [8]. 

(ii) Unlike Dupire's definition, our definition does not require all the derivatives to be 
bounded, and does not involve any extension of n to a larger domain [0, T] x ]D)([0, T]), 
where D is the set of cadlag paths. Moreover, we do not need (|2.9p to hold true for all 
semimartinagle measures P. 

(iii) In general, our space derivatives are not defined pathwise and we do not require that 
du){du)U) = d'^^u, although this holds true in typical cases. ■ 

Example 2.8 Let d = 1. As highlighted by Cont and Fournie [4J, a simple example of 
non-differentiable process is the running maximum process: u{t,uj) := ujt '■= maxo<s<tWs, 
(t,a;) G A. It is obvious that dtu{t,u}) = for all {t,uj) £ A. However, u is not differentiable 
in the sense of Definition 12.61 Indeed, if it is differentiable, then one must have d^jU = 0, and 
^d^^udt = dBt, which is impossible under Pq. In terms of the Dupire's vertical derivatives, 
we have duju{t, u) = whenever ut < uJt, and 

d^u{t,uj) = 1 and d~u{t,uj) = whenever = tJf, 

where and d~ denote the right and left space derivatives in the sense of Dupire. Hence 
the process u is not differentiable on {tOt = lot}. ■ 

We next introduce a localized version of Definition 12.61 For H G Denote 

A(h) := G A : t < H(a;)} and A(h) := G A : t < H(a;)}. (2.10) 

Then clearly A(h) is an open subset of (A, doo) and, for u : A(h) — )• M, {t,uj) G A(h), the 
time derivative dtu{t,uj) is well defined by (12. Sp . whenever the limit exists. 
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Definition 2.9 Let a £ V. and u : A(h) R. We say 

(i) u G C'^(A(h)) if u is continuous in {t,uj) G A(h) under d^o, 

(ii) u G C'^(A(h)) if u £ C^(A(h)), and u{-,oj) is continuous on [0,h(lij)] for all u 

(iii) u G C1'2(A(h)) i/n G C70(A(h)), dtu G CO(A(h)), and i/iere exist d^u G C70(A(h), M'^), 
a^^n G C°(A(h),S'^) suc/i i/iai (HJ]) holds in A(h) P-a.s. /or all {s,uj) G A(h) and P G P^. 

By a direct localization argument, we see that the above space derivatives cJ^jU and d'^^u 
are uniquely determined by (j2.9p in A(h). 

Similarly, for each t and H G "H*, we may define A*(h), A*(h), C°(A*(h)), C°(A*(h)), 
and C"^'^(A*(h)) in an obvious way. 

3 Fully nonlinear path dependent PDEs 

In this paper we study the following fully nonlinear parabolic path-dependent partial dif- 
ferential equation (PPDE, for short): 

Cu{t,uj):={-dtu-G{.,u,d^u,dl^u)]{t,uj)=^, 0<t<T,u}en, (3.1) 

where the generator G : A X M X M'^ X S"' — 7- R satisfies the following standing assumptions: 

Assumption 3.1 The nonlinearity G is nondecreasing in 7 and satisfies: 

(i) For fixed (y, 7), G{-,y, z,j) is ¥ -progressively measurable, and |G(-,0, 0,0)| < Gq. 

(ii) G is continuous in (t,cj) under d^o- 

(iii) G is uniformly Lipschitz continuous in {y,z,^), with a Lipschitz constant Lq. 

Remark 3.2 In the Markovian case, namely G{t,u,.) = g(t,ujt,-) and u(t,u}) = v{t,ut), 
the PPDE dm reduces to the following PDE: 

Lv{t,x) := {-dtv{t,x) - g{.,v,D^v,Dl^v)}{t,x) = 0, t € [0,T), xeR'^. (3.2) 

Here and -D^^ denote the standard first and second order derivatives with respect to 
X. However, slightly different from the PDE literature but consistent with (j2.8p . dt denotes 
the right time-derivative. ■ 

3.1 Classical solutions 

Definition 3.3 Let u G G^'^{A). We say u is a classical solution (resp. sub-solution, 
super-solution) of PPDE if Cu{t,uj) = {resp. <,>)0 for all {t,u}) G [0,T) x n. 
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It is clear that, in the Markovian setting as in Remark 13.21 



u is a classical solution (resp. sub-solution, super-solution) of PPDE (|3.ip 
iff w is a classical solution (resp. sub-solution, super-solution) of PDE (j3.2p . 

Example 3.4 Let d = 1 and u{t,uj) := Ef " [ Jq Btdt] = j^uj^ds + {T - t)uJt, {t,uj) G 
A. Then u G C^'^(A), and is a classical solution of the path dependent heat equation 
—dtu — ^d'^^^u = with final condition u{T,uj) = ujtdt. ■ 



Example 3.5 Let d = 1 and u{t,uj) := {oj 0t B^)t > (^j'^) ^ ^ with the notation of 
Example l2.81 Then one can easily check that u{t, u) = v{t, ujt,ujt), where u is a deterministic 
function defined by: 



v{t,x,y) :-- 



E^ 



yV{x + Bt) 



VT^m:^), x<y 



zV Bi 



z V l^il 



zmz) - 1] + :|^e 



z > 0, 



(3.3) 



and ^ denotes the cdf of standard normal. We note that v is smooth when t < T, and 
dyv{t, X, x) = 0. Since the support of dBf is in {Bf = Bt}, it follows that dyv{t, Bt, Bt)dBt = 
0. This implies that 

du{t,uj) = dv{t,u}t,uJt) = dtvdt + DvdBt + ^D'^vd{B)t. 

It is clear that dtu{t,uj) = dtv{t,ujt,'(^t)- Then by (j2.9p we see that duiu{t,uj) = Dv{t,ut,uJt) 
and dl^u{t,uj) = D'^v{t,uJt,iOt). Thus u G C^'2(A). 

Finally, it is straightforwardly to check that n is a classical solution to the path dependent 
heat equation —dtu — \d'^^u = with final condition u(T,uj) = Bt- ■ 

Remark 3.6 We shall remark that, unlike the standard heat equation which always has 
classical solution on [0, T), a path dependent heat equation may not have a classical solution 
on [0,T). One simple example can be the heat equation with terminal condition u{T,uj) = 
Bt^iu)) for some < to < ^- Then clearly u{t,u}) = BtMoi^), and thus duju{t,uj) = 1[q tgj{t) 
is discontinuous. Following Proposition 14.51 below and our accompanying paper [lOj, and 
weakening the boundedness assumption as pointed out in Remark 13 . 8 1 b elow . one can easily 
see u is the unique viscosity solution. We note that Peng and Wang [23j provided some 
sufficient conditions for the existence of classical solutions of semi-linear PPDEs. ■ 
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3.2 Definition of viscosity solutions 

We next introduce our notion of viscosity solutions. Recall the nonlinear Snell envelope 
notation (|2.7p . For any L > 0, {t,uj) £ A with t <T, and F-adapted process u, define 

AMt^oj) := |(^ G Cl'^iA^) ■■ - u*''^)i(0) = [{if - u*''^).ah] for some H £ Ti^ 
:^u{t,uj) := \ip E cI'\A^) : {if - u*''^)i(0) = 5^ [{if - ^/*''^).ah] for some a £ Ti^ 

Definition 3.7 (i) Let L > 0. We say u € U_ (resp. U) is a viscosity L-suhsolution (resp. 
L-supersolution) of PPDE i3. 1]) if, for any {t,uj) G [0,T) x fl and any ip G A^u{t,Lo) (resp. 
(f G A^u{t, uj) ): 

{-dt^-G'^^{.,u,d^ip,dl^p)]{t,0) < {resp.>) 0. 

(ii) u £ U_ (resp. U) is a viscosity suhsolution (resp. super solution) of PPDE \3. j|) if u is 
viscosity L-suhsolution (resp. L-supersolution) of PPDE \3. 1]) for some L > 0. 

(iii) u£UCh{A) is viscosity solution of PPDE i3.1\) if it is viscosity sub- and supers olution. 

Remark 3.8 For technical simplification, in this paper and the accompanying one |10] . 
we consider only bounded viscosity solutions. By some more involved estimates one can 
easily extend our theory to viscosity solutions satisfying certain growth conditions. We shall 
leave this for future research, however, in some examples below we may consider unbounded 
viscosity solutions as well. ■ 

We next provide an intuitive justification of our Definition 13.71 which shows how the above 
nonlinear optimal stopping problems 5 and S appear naturally. 

Let u G C^'2(A) be a classical supersolution of PPDE ([3TT]) . t* < T, u* £ Q, and 
(f £ Ci'2(A*o). Then: 

< {-dtu-G{.,u,d^u,dl^u)}{t*,u*) 

= {-dtip-G{.,u,d^^,dl^p)}{t*,cj*) + R{t*,cj*) (3.5) 

where R{t,uj) = dt{ip - u) + a ■ duj{ip - u) + ^^"^ : d^^{ip-u), a := G:,{t* ,uj* ,u{t* ,uj*), z,j), 

^ 1 /2 

and /3 := (2G^(t*, w*, n(t*, w*), z, 7)) ' are constant drift and diffusion coefficients, and 
(2,7) are some convex combination of {dajU,d'^^u){t* ,uj*) and [doj^, d'^^(p){t* ,uj*). 

The question is how to choose the test process ip so as to deduce from (|3.5|) that < 
{ — dt^p — G{.,u,di^(p,d^^^ip)}{t*,uj*). Our crucial observation is that 

d((^-ti**''^*)(t,a;) = R{t,uj)dt + du,i^-u^''''^*){t,uj)(3dWt, P - a.s. 
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where is a Brownian motion under the probabihty measure P G Vlq defined by the 
pair (q!,/3), and Lq is the Lipschitz constant of the nonhnearity G. Therefore, in order to 
conclude from (j3.5p that R(t*,uj*) < 0, we have to choose the test process if so that the 
difference {ip — u^' '"^ ) has a nonpositive P— drift locally at the right hand-side of t* . This 
essentially means that {ip — n* '"^ ) is a P— supermartingale on some right-neighborhood 
[t*,H] oft*, and therefore {ip — u^ > K^[{ip — u^*''^*)rAH\ for any stopping time r. Since 

the probability measure P is imposed by the above calculation, we must choose the test 
process ip so that ((/? — n**''^*)^* > [{^ — u^* ''^*)tah] for all stopping time r. Finally, since 
r = t* is a legitimate stopping rule, we arrive at 

which corresponds exactly to our definition of A^u{t* ,uj*). 

Conversely, if the pair ((t*, a;*), 93) satisfies the last equality, then it follows that ip—u'' ''^ 
is an 1?^— supermartingale near t*, by the Snell envelope characterization of Theorem 12.41 
By the right-continuity, this implies that R{t* < 0. Hence our definition of the set of test 
processes A^u{t* ,00*) is essentially necessary and sufficient for the inequality R{t*,uj*) < 0. 

Remark 3.9 From the last intuitive justification of our definition, we see that for a semi- 
linear path-dependent PDF, /3 is a constant matrix. Then, in agreement with our previous 
paper [8], it is not necessary to vary the coefficient /3 in the definition of the operator £^ . 

Similarly, in the context of a linear PPDE, both coefficients a and /3 are constant, and 
we may define the sets A^u and A^u by means of the linear expectation operator. ■ 

In the rest of this section we provide several remarks concerning our definition of viscosity 
solutions. In most places we will comment on the viscosity subsolution only, but obviously 
similar properties hold for the viscosity supersolution as well. 

Remark 3.10 As standard in the literature on viscosity solutions of PDFs: 

(i) The viscosity property is a local property in the following sense. For any (t, uj) G [0, T)xQ 

and any e > 0, define 

H* := inf |s > t : |-B*| > e| A (t + e) and := H°. (3.6) 

It is clear that H* G T-L^. To check the viscosity property of u at {t,uj), it suffices to know 
the value of n*'*^ on [t, H^] for an arbitrarily small e > 0. In particular, since u and tp are 
locally bounded, there is no integrability issue in (|3.4p . Moreover, for any (p G A^u{t,uj) 
with corresponding H G we have H* < H when e is small enough. 
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(ii) The fact that ti is a viscosity solution does not mean that the PPDE must hold with 
equality at some (t, cj) and (p in some appropriate set. One has to check viscosity subsolution 
property and viscosity supersolution property separately. 

(iii) In general ^u{t,uj) could be empty. In this case automatically u satisfies the viscosity 
subsolution property at (t,(^). ■ 

Remark 3.11 (i) Consider the Markovian setting in Remark 13.21 One can easily check 
that u is a viscosity subsolution of PPDE (j3.ip in the sense of Definition 13.71 implies that v 
is a viscosity subsolution of PDE (13. 2p in the standard sense, see e.g. [5j or [TT]. However, 
the opposite direction is in general not true. We shall point out though, when the PDE 
is wellposed, by uniqueness our definition of viscosity solution of PPDE (jS.lh is consistent 
with the viscosity solution of PDE (|3.2p in the standard sense. 

(ii) The above Definition 13.71 does not reduce to the definition introduced in the semilinear 
context of [8] either, because we are using a different nonlinear expectation £^ here. It 
is obvious that any viscosity subsolution in the sense of [8] is also a viscosity subsolution 
in the sense of this paper, but the opposite direction is in general not true. However, the 
definitions of viscosity solutions are actually equivalent for semilinear PPDEs, in view of 
the uniqueness result of our accompanying paper [10]. ■ 

Remark 3.12 For < Li < L2, obviously Vi^ C Vl^, Sf^ < Sj", and A^'u{t,uj) C 
A^^u{t,Lo). Then one can easily check that a viscosity Li-subsolution must be a viscosity 
L2-subsolution. Consequently, u is a viscosity subsolution if and only if 

there exists a L > 1 such that, for all L' > L, u is a viscosity L'-subsolution. 

Remark 3.13 We have some flexibility to choose the set of test functions. All the results 
in this paper and the accompanying one |10) will still hold true if we replace the A^u with 
the ^'^M or A"^u define below. 

(i) The minimum value in the definition of A^u may be taken to be equal to zero, by 
replacing ip with (f — ip{t, 0) + u{t,uj). That is, we may replace A^ with the following 

^^u{t,uj) := jy? G A^u{t,uj) : (p(t,0) = u(t,a;)|. (3.7) 

(ii) By the same arguments as in [8] Remark 3.6, we may also replace A^ with the following 
j^'^ with strict extremum in the nonlinear optimal stopping problem: 

A!'\{t, Lo) := C^'^(A*) :3ii£n such that, for ah r G 7^ with t > t, 

i^-u'nt{0) = < Sj^iiv -U'nr Au]}. (3.8) 
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We next report the following result whose proof follows exactly the lines of Remark 3.9 

(i) in m- 

Proposition 3.14 Let Assumption \3.1\ hold true, and let u be a viscosity subsolution of 
PPDE (j3.ip . For A € the process ut '■= e^^ut is a viscosity subsolution of: 

Cu := -dtu- G(t,uj,u,du,il,dl^u) < 0, (3.9) 

where G(t, u!,y,z, 7) := —Xy + e^^G{t, uj, e~^^y, e^^^z, e^^^j) . 

Remark 3.15 Under Assumption 13. 1^ we are not able to prove a more general change of 
variable formula. However, this will be achieved under stronger assumptions, see Proposi- 
tion 3.5 and Theorem 3.6 of our accompanying paper [lOj . 

3.3 Consistency with classical solutions 

Theorem 3.16 Let Assumption \3.1\ hold and u G C^'^(A). Then u is a classical solution 
(resp. subsolution, supers olution) of PPDE (13. ip if and only if it is a viscosity solution 
(resp. subsolution, supersolution). 

Proof We prove the subsolution property only. Assume u is a viscosity L-subsolution. 
For any (t,a;), since u G C^'^(A), we have n*'*^ G C^'^(A*) and thus u^'^ G ,^u{t,u)) with 
H := T — t. By definition of viscosity L-subsolution we see that Cu{t,uj) < 0. 

On the other hand, assume n is a classical subsolution. If u is not a viscosity subsolution, 
then it is not a viscosity Lo-subsolution. Thus there exist {t,u}) G A and 99 G ^^°u{t,u>) 
as defined in (j3.7p . such that 2c := Cip{t,0) > 0. Without loss of generality, we set t := 
and, by Remark 13. 10| let H = G ?^ defined in ()3.6p for some small constant e > be the 
stopping time used in the definition of A^"u{0, 0). Now let P G Vlq corresponding to some 
constants a G M'^ and /3 G S'^ which will be determined later. Then 



< £^'[{v-u)u] <IE^[(<^- 



u 



Applying Ito's formula (|2.9p and recalling ()2.4p together with the fact that {(p — u)o = 0, 
we have 

/■"r 1 1 f^^ 

{if-u)u= dt{(p-u)s + -dUf-u)s:(3^ + dU^-u)s-ads+ d^f - u)s- ^dWf . 

Jo ^ ^ ^ Jo 
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Taking expected values, this leads to 



j (dt{<p-u)s + ^dl^{(p-u)s : /3'^ + duj{(p-u)s-ajds =E^ j {Cip - Cu) gds 



< E"^ 

where Cips := -C(ps - G{s,uj,ip,d^ip,d^^ip)s + ^id'^ujV)s ■ + {dui(p)s ■ a. Since Cip and 
Cu are continuous, for e small enough, we have \Cips — £^^o\ + \Cus — Cuq\ < | on [0, h], 
and then 



< 



Cipo- Cuo + c]h . (3.10) 



Note that Cuq < 0, dpo = 2c, and ipo = uq. Then 

£.(po - Cuo < -2c + ^dl^{ip - u)o : + d^{ip- u)o • a 

-[G(0,0,no,(9i^(/?o,55i^¥'o) - G(0, 0, uq, So^uo, S^^uq)]. 

By Assumption 13.11 (iii), there exist a and /3 such that P G Vl^, and 

G{.,u,d^Lp,dl^Lp)^ - G{.,u,duiU,dl^u)^ = ^dl^{(p - u)o : (3^ + d^{^p - u)o ■ a. 

Then C^po - Cuq < -2c, and (f3l^ leads to < E^[-ch] < 0, contradiction. 



4 Some Examples with Representation Formula 

In this section we provide several examples of viscosity solutions. 
4.1 First order PPDEs 

Example 4.1 Suppose that u{t,uj) = v{uJt) for all {t^oj) £ A. Then dtu = 0, by the 
definition of the time-derivative. We now verify that n is a viscosity solution of the equation 
-dtu = 0. 

Indeed, for ip G A^u{t,u}), it follows from our definition that, for some H G H^: 
{if - u'ntiO) > EP"'° [{if - u'n{t+5)Au] for all 5 > 0. 

Here F^'^ is the probability measure corresponding to a = 0,/3 = in ()2.4p . Notice that 
under P*^'", the canonical process u) is frozen to its value at time t. Then, for 6 small enough. 

This implies that dt<p{t, 0) < 0. A similar argument shows that dt^p^t, 0) > for all 
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Example 4.2 Let d = 1. In this example we check that u{t,u}) 
solution of the first order equation: 



dtu - \d^u\ + 1 



0. 



2Bt — Bt is a viscosity 
(4.1) 



By Example 12.81 u is not smooth, so it is a viscosity solution but not a classical solution. 

When uJt < uJt, it is clear that u is smooth with dtu{t,uj) = 0,duju{t,u;) = —1 and thus 
satisfies (|4.ip . So it suffices to check the viscosity property when ut = cot- Without loss of 
generality, we check it at {t,u}) = (0,0). 

(i) We first check that ^'^n(0, 0), as defined in (j3.7p . is empty for L > 1, and thus u is 
a viscosity subsolution. Indeed, assume if £ ^'^u(0, 0) with corresponding H £ V.. By 
Remark 13.101 (i), without loss of generality we may assume H = for some small e > 0, 
and thus dt^p, d^ju)^ are bounded on [0, h]. Note that Pq S Vl- By definition of A'^ we have, 
for any < 5 < e, 



< 



{(p - U)SAU 



E^ 



[dt^ + d^^ip]{t,uj)ds-2BsAu 



< CE^° [5 ah]- 2E^'' [5mh] <C5 + CPo(h < <5) - 2E^« [Bs] + 2EP° [Bt1{h<5}] 

< C6-2V6 + CPo(h <6)+ Cy^Foin < 6). 



Note that 



^o(H <6)= Po(Hs <S)= ro(\\B\\s > e) < e-^E^«[||i?||^] < Ce-'6\ 



(4.2) 



Then 



< C 



This leads to a contradiction when 6 is small enough. Therefore, u{0, 0) is empty. 

(ii) We next check the viscosity supersolution property. Assume to the contrary that — c := 

-dtu{0, 0) - |5^9J(0, 0)1 + 1 < for some <f G A'^u{0, 0) and L > 1. Let a := sgn {d^<f{0, 0)), 



P := 0, and F be determined by ([231). Then F £ Vl and Bt = Bt = t,He = e, P-a.s. By 
choosing H = and e small enough, we may assume \dt^p{t,B) — dtf{0,0)\ + \dujf{t,B) — 
du](p{0, 0)1 < § for t < He. By the definition of A' u{0, 0) we get 

{dt(p + ad^Lp)tdt - e 
\dt 



> E^ 


(93 - u)h. 















> E^ 
= 



'- JO 



dtfo + {duj'Pol - ^^dt 



1 + c-^^dt-e 



- ce > 0. 
2 



This is the required contradiction, and thus u is a viscosity supersolution of ()4.ip . 
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4.2 Semi-linear PPDEs and BSDEs 



We now consider the following semi-linear PPDE: 




u — F(t, u, u, d^ua{t, oj)) =0, u(T, uj) = £^ (co) 



(4.3) 



where cr > and F are F-progressively measurable and ^ is J^-measurable. We note that 
[8] studied the case a = Id for simplicity. We shall assume 

Assumption 4.3 (i) a, -F(t, w, 0, 0), and ^ are hounded by Cq. 

(ii) a, F are uniformly continuous in {t,uj) and is uniformly continuous in oj, with a 
common modulus of continuity function po- 

(iii) a > is uniformly Lipschitz continuous in oj, and F is uniformly Lipschitz continuous 
in {y,z). 

Remark 4.4 The boundedness in Assumption l4.3l (i) is just for simplification, which can be 
easily weakened to some growth conditions. The assumption a > and that F depends on 
the gradient term through the special form di^ua{t, uj) are mainly needed for the subsequent 
BSDE representation. As we will see in our accompanying paper [lOj, one may study the 
more general PPDE with nonlinearity F(t,u},u,d;^u) depending directly on d^^u. ■ 

For any {t,u}) £ A, consider the following decoupled FBSDE on [t,T]: 



Under Assumption 14.31 clearly FBSDE (j4.4p is wellposed and we denote its solution as 
(X^'^ ,y^'^ , Z^'^). Alternatively, we may consider the BSDE in weak formulation: 



Y^t'^ = ^t'^{B*)+ F^''^{r,B^X''",Z^r'^)dr- Z*''^(a*'^(r, B.*))-^^^*, P^-'^-a.s. (4.5) 




(4.4) 





where P*'' 




^. Then, for any fixed {t,uj) 



■yt — 



and is a constant due to the Blumenthal zero-one law. 



Proposition 4.5 Under Assumption \4.3\ u(t,uj) := 
PPDE K^ . 



y^'^ is a viscosity solution of 
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Proof We proceed in two steps. 

Step 1. In Step 2 below, we will show that u G C/Cb(A) and satisfies the dynamic program- 
ming principle: for any (t,a;) G A and r € T^, 

y/.^ = u*''^(t,B*) + r F^''^{r,B^X'"',Z^^^'^)dr - r Z^^^'^{a^''^{r,B^))-^dBl P^-'^-a.s. (4.6) 

J s J s 

Let L be a constant such that a < ^/2LId and is a Lipschitz constant of F in (y, z). 
We now show that u is an L-viscosity solution. Without loss of generality, we prove only 
the viscosity subsolution property at {t,uj) = (0,0). For notational simplicity we omit the 
superscript ^'^ in the rest of this proof. Assume to the contrary that, 

c:=-{dt^ + ^a^ ■.dl^^ + F{-,u,d^^a)}{0,0)>0 for some if e A^u{0,0). 

Let a G 7i he the hitting time corresponding to tp in p.4p , and by Remark 13.101 (i) , without 
loss of generality we may assume H = Hg for some small e > 0. Since (p G C^'^(A), by the 
uniform continuity of u, a, and /, we may assume e is small enough such that 

-{dtif + ^a^ : dl^^ + F{-,u,d^^a)}{t,uj) > | > 0, t G [0,h]. 

Notice that d{B)t = a'^{t, B.)dt, P-a.s. Using the dynamic programming principle (|4.6p . 
and applying Ito's formula on if, we have: 

{ip - u)o - {if- u)ii 

= - [dtif + ^a^ ■.dl^^ + F{-,u„Z,)ys,B.)ds- {d^^ - Zsa-'){s, B.)dBs 



> 



^ (^^ + F{-,u,d^^a)-F{-,Us,Zs))is,B.)ds- {d^^p - Z,a-^)is, B.)dBs 
= [ \^ + {d^^a-Zs)-as\{s,B.)ds- [ {d^^ - Zsa'^){s, B.)dBs 

Jo J Jo 

c 

= -n- {d^ipa- Zs){s,B.)[a-\s,B.)dBs-asds], P-a.s. 
^ Jo 

where |a| < ^J^■ Notice that a^^dBt is a P-Brownian motion. Applying Girsanov Theorem 
one sees immediately that there exists IP G Vl equivalent to P such that a~^dBt — atdt is a 
P-Brownian motion. Then the above inequality holds P-a.s., and by the definition of A^u: 

> {v-u)o-E^[{^-u)u] > |e^[h] > 0, 
which is the required contradiction. 

Step 2. We now show the dynamic programming principle together with the following 
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regularity of u: for any t <t' and any a;, a;', 

\u{t,Lo)\<C and \u{t,Lo) - u{t' < CpQ(doo{{t,Lo), {t' ,lo))^ , (4.7) 

where 

Po(<5) :=<53 +po(<5^). (4.8) 
Indeed, by standard arguments it is clear that 



+ ||y*''"||T + iZl'^'l'^ds^ < C 
In particular, this implies that 

\u{t,uj)\<C and \u{t,uj) — u{t,u)')\ < Cpo{\\u! — uj'\\t). 



KCpoiWoj-uj'Wtr; 



(4.9) 



Given the above regularity, by standard arguments in BSDE theory, we have the following 
dynamic programming principle: for any t < t' <T, 

r*' r*' 

Yt,u^ = u^^^{t\B^) + / F^''^{r,B^,Y^^'^,Z^^''^)dr- Z;''^(c7*''^(r, S.*))-^d5*, P^-'^-a.s. (4.10) 

J s J s 

In particular, Ys'"" = u^^'^{s, 5*). 

Denote S := d^[{t,u!), {t',uj)). U S > ^, clearly 

\ut-ut'\{io) <C<Cpo{^). 

In the rest of this proof, we assume S < ^. Then 



\ut-ut'\{uj) = 



E^ 
E^ 



yt,^ _ + yt,^{t'^ S*) - U{t\ OJ) 

t' 



f \F'^^{r,B'X'^,Zl^n\dr + Cpo(5+\\B%>i\, (4.11) 

J t 



Notice that 



|F*''^(r, 5.*,y/''^,Z*'^)|dr 



< CE 



;i + |y/''^| + |Z*'"|)(ir 



< cVs(¥F*'"[J (l + |y,*'-p + |Z*'-)|2)dr 
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As for the second term, we estimate, assuming without loss of generahty pq < Cq 



Po(s+\\B'y 



< po{6^) +CoF^''^\\\B^\\t' >5^i -6 

< p,{5'^) + ^^E^''-\\\B% 

[5 3 - 6y '-Jt 



< Po{S^) + -^_ 



((53 - sy 

Plugging the last estimates in ()4.1ip . and combining with (j4.9p . we obtain (j4.7p . Moreover, 
given the regularity in t, we may extend the dynamic programming principle (j4.10p to 
stopping times, proving (j4.6p . ■ 



Remark 4.6 For FBSDE g^D with {t,uj) = (0,0), it holds that yt := u{t,X.). This 
extends the well known nonlinear Feynman-Kac formula in \18\ to the path dependent case. 



4.3 Path dependent HJB equations and 2BSDEs 

Let K be an arbitrary set in some measurable space. We now consider the following path 
dependent HJB equation: 

-dtu-G{t,uj,u,d^u,dl^u) = 0, u{T,uj)=^{ujy, (4.12) 
where G(t,a;,y,z,7) := supfcgK la^{t,uj,k) : + F{t,u;,y,za{t,uj,k),k) , 

where a and F are F-progressively measurable in all variables. We shall assume 

Assumption 4.7 (i) a, F{t,uj,0,O,k), and ^ are bounded by Cq. 

(ii) (J, F are uniformly continuous in {t,uj) and ^ is uniformly continuous in oj, with a 
common modulus of continuity function pQ. 

(iii) fj > zs uniformly Lipschitz continuous in oj, and F is uniformly Lipschitz continuous 
in {y,z). 

For each t, let /C* denote the set of F*-progressively measurable K- valued processes on 
A*. For any {t,uj) G A and k G /C*, let X^''^'^ denote the solution to the following SDE: 



^s = o-*''^(r, X. , kr)dBl, t<s<T, 
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Denote P*''^'^ := P^ o Since a > 0, as discussed in [SS] X^''^''' and induce the 

same PQ-augmented filtration, and thus there exists G /C* such that A:(Af.*''^''^) = k, Pp-a.s. 
Let denote the solution to the following BSDE on [t,T]: 

rT rT 



J S J S 



^*'"''=-a.s. 



We now consider the stochastic control problem: 

u{t,u!) := sup Y^''^'^ , {t,oj) € A. 

We observe that this process u was considered by Nutz [15], in the stochastic control context, 
and shown to be the solution of a second order BSDE. The next result shows that our notion 
of viscosity solution is also suitable for this stochastic control problem. 



Proposition 4.8 Under Assumption \4.7\ u is a viscosity solution of PPDE (|4.12|) . 



Proof By Proposition 13.141 without loss of generality we assume 

G, hence F, is increasing in y. (4-13) 
Following similar arguments as in Proposition 14.51 we may prove that: 
|u(t,w)|<C, \u{t,uj) — u{t' ,uj')\ < C^Q(^oo{{t,oj),{t' ,oj)^^ , for any (t, w), (t', w') G A, 
and that the following dynamic programming principle holds 

u{t,uj) = sup 3^*''^'''(r,M*'"(r,-)), for any {t.u) G A,r G 7^, (4.14) 

where, for any J^-measurable random variable r/, {y,Z) := {y^''^''^{T,r]), Z^''^'^{T,r])) solves 
the following BSDE on [t, t]: 

y^ = r]{B^)+ f F^''^{r,B\yr,Zr,kr)dr- f Zr{a^''^ {r, B^ ,kr))-^dBi, P*''^''^ - a.s. 

J s J s 

See e.g. [25] or [19]. We now prove the viscosity property, for the same L as in Proposition 
14. 5[ Again we shall only prove it at {t,Lo) = (0,0) and we will omit the superscript 
However, since in this case u is defined through a supremum, we need to prove the viscosity 
subsolution property and supersolution property separately. 
Viscosity L— subsolution property. Assume to the contrary that, 

c:= -{dt(p + Gi-,u,d^(p,dl^^)}{0,0) > for some (p£A^u{0,0). 
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As in Proposition 14.51 let H = G ?^ be the hitting time corresponding to ip in (j3.4p . and 
since S C(|'^(A) and u, u, and F are uniformly continuous, we assume e is small enough 
such that 

-{dtp + G{-,u,d^p,dl^^)]{t,u:) > I > 0, iG[0,H]. 

By the definition of G, this implies that, for any t G [0, h] and A; G IK, 

1 c 

Now for any k € K., notice that (i(S)t = a'^{t, B.,kt)dt, P'^-a.s. Denote (J^'',^:'') := 
(3^^(H,n(H, ■)), Z^{}i,u{ii, •))). Applying Ito's formula on (p, we see that for any 6 > 0: 



HAS 



HAS 



/•HAS 

/ {d^^-Zsa-^)is,B.,ks)dBs 
Jo 



dt^ + -a^ : dl^p + Fi-^y^Z^ (s, B.,ks)ds 



> 



HAS 



+ F{;u, d^ipa) - F{;y^, Z^) {s, B.,ks)ds 



HAS 



{d^ip-Z^a-^){s,B.,ks)dBs 



Note that y^ < u{s,B.). Then by we have 

- y% - [95 - ^^]ha5 

HA<5 



> 



- + F{;u, d^ipa) - Fi;u, Z^)^ (s, B.,k)ds 



HAS 



{d^ip-Z^a-'){s,B.,ks)dBs 



HAS 



HAS 



{d^pa-Z^)as {s,B.,ks)ds- / {d^p - Z^a-^){s, B.,ks)dB, 



(ha 5) 



HAS 



{d^if - Z^a-^){s,B.,ks){dBs - ausds), P'^-a.s. 



where \a\ < y ^ and A is bounded. As in Proposition |331 we may define P'^ S Vl equivalent 
to P such that dBt — aatdt is a P'^-martingale. Then the above inequality holds P'^-a.s., and 
by the definition of A^u, we have 

no -4 > uo-y^ + {ip-u)o-E^''[{^-uUs] > ^^^"[iiA6]>^5-CF'^[H<6]. 
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Following the same arguments as in (j4.2p . we have F^[ii < 6] < Ce ^6'^, where the constant 
C is independent of k. Then, for 5 small enough, 

This implies that uq — supj^^ji^y^ > ^ > 0, which is in contradiction with (j4.14p . 
Viscosity L— supersolution property. Assume to the contrary that, 

c := ^dtif + G{-,u,d^ip,d^^ip) (0,0) > for some if £ A^u{0,0). 

By the definition of F, there exists /cq G IK such that 



{at(^ + ^a2(.,/co) : dl^v + F{-,u,d^^a{-,ko),ko)]{0,0) 



Again, let H = € ^ be the hitting time corresponding to (p in (j3.4p . and since E 



1 2 

q"'"(A(H)) and u, a, and G are uniformly continuous, we assume e is small enough so that 



{dtip + ^a\;ko):dl^y^ + F{;u,d^^a{;ko),ko)Yt,uj) > ^ > 0, tG[0,H]. 

Consider the constant process k := ko £ K.. It is clear that the corresponding k = k^. Follow 
similar arguments as in the subsolution property, we arrive at the following contradiction: 



uo-y^ < -gE^ [h] <0. 



The proof is complete now. 



Example 4.9 Assume ^ := {k £ S:"^ : a < k < a}, where < a < a are constant matrices. 
Set a{t, uj, k) := k. Then l^(i^) = u{t, uj) is the solution to the following second order BSDE, 
as introduced by Soner, Touzi and Zhang [26]: 

Yt = i{B.) + Fis,B.,Ys,Zs,a])ds- j^^ Z,ia,)-UB,-dKt,V-q.s. (4.15) 

where V := {F € Voo : a''" = 0, /S''" G K}, a is the universal process such that d{B)t = a^dt, 
P-q.s. and K is an increasing process satisfying certain minimum condition. A closely 
related notion is the G-BSDE of [12]. In particular, when F = 0, then ut = Ej^[g(i?)] is the 
Peng ^20j conditional G— expectation. ■ 

Remark 4.10 By using the zero-sum game, we may also obtain a representation formula 
for the viscosity solution of the following path dependent Bellman-Isaacs equation: 

~dtu-G{t,uj,u,d^u,dl^u)=Q, u{T,Lo) =^{uj) (4.16) 
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where 



G{t,uj,y,z,j) := sup inf l-a'^{t,ki,k2) : j + F{t,uj,y,za{t,ki,k2),ki,k2) 
= inf sup l-a'^{t,ki,k2) : + F{t,uj,y,za{t,ki,k2),ki,k2) 



See Pham and Zhang 

5 Stability and Partial Comparison 
5.1 Stability 

The main result of this section is the following extension of Theorem 4.1 in [8], with a proof 
following the same line of argument. However the present fully nonlinear context makes a 
crucial use of Theorem [22 



Theorem 5.1 Let {G^,£ > 0) be a family of coefficients satisfying Assumptions \3. I\ uni- 
formly, and converge uniformly towards a coefficient G as e — )• 0. For some L > 0, 
let he a hounded viscosity L—suhsolution (resp. L— supersolution) of PPDE (]3.ip with 
coefficients G^ , for all e > 0. Assume further that converges to some u £U_ (resp u &U), 
uniformly in A. Then u is a viscosity L—suhsolution (resp. L-supersolution) of PPDE (|3.ip 
with coefficient G. 

Proof We shall prove only the viscosity supersolution property by contradiction. By 
Remark 13.131 without loss of generality we assume there exists 99 G ^"^ti(0, 0) such that 
-c := £99(0,0) < 0, where ^"-^^(0,0) is defined in (ISlSD . 

By Remark 13.101 (i) , let H = H5 € 7^ be the hitting time corresponding to ip in (j3.8p . 
Since 99 G C^'^ and £99(0, 0) = — c < 0, by choosing 5 > small enough, we have 

Cip{t,uj)<-^ for all (t,a;)GA(H). (5.1) 

Denote := ip - u and := ip - u"" . By £o[Xl] < = X^. Since converges 

towards u uniformly, and < ul^_ by the definition of U, this implies that 

£q[XI^] < £o[X^] < ^0 for sufficiently small e > 0. (5.2) 

Apply Theorem 12.41 to (X^,h) and introduce the corresponding process X'', its nonlinear 
Snell envelope Y'^, and the first hitting time r* that = X'^ . Then, by Theorem 12. 4t 
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Thus there exists w* G 17 such that t* := t*{ijJ*) < H(a;*), and it fohows from the 
f^— supermartingale property of Theorem 12.41 that 

XI, (w* ) = y/. {u* ) > Sf, [Y^''' ] > Sf, [X'/' ] for all r G 7^* , r < H** . 



Note that the set O, corresponding to H, is open, then there exists H G "H* such that 
H < H**''^*. Thus 

Xf.(u;*)>4K>1 for all rST**. 

This implies that 99**''^* e A^u'^{t* ,u}*). Since is a viscosity L-supersolution of PPDE 
(|3.1|) with coefficients , by (|5.1|) we have 

< {-dtip-G'{.,u',d^ip,dLip)}{t*,u*) 

< -| + {G{.,^,d^ip,dl^ip) - G%.,u',d^^,dl^ip)}it*,io*). 

Note that 

\ip - u^\{t*,uj*) < \ip{t*,uj*) - ip{t,0)\ + \u{t*,uj*) - u{t,0)\ + \u- li^Kf ,a;*). 
Then, by sending e — )• and choosing 6 small enough, we obtain < — |, contradiction. ■ 

Remark 5.2 Similar to Theorem 4.1 in [8], we need the same L in the proof of Theorem 
15. li If is only a viscosity subsolution of PPDE p.ip with coefficient G^ , but with possibly 
different L^, we are not able to show that u is a viscosity subsolution of PPDE (j3.ip with 
coefficient G. ■ 



5.2 Partial comparison of viscosity solutions 

In this section, we prove a partial comparison principle, i.e. a comparison result of a viscosity 
super- (resp. sub-) solution and a classical sub- (resp. super-) solution. The proof is also 
crucially based on Theorem 12. 4i Moreover, this result is a first key step for our comparison 
principle in the accompanying paper |10] . 

Proposition 5.3 Let Assumption \3. 1\ hold true. Let v} ^U_be a viscosity subsolution and 

^lA a viscosity supersolution of PPDE 113. Ifu^{T, •) < u^{T, •) and one of and 
is in C-^'^(A), then < on A. 
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Proof We shall only prove Uq < Uq. The inequality for general t can be proved similarly. 
Without loss of generality, we assume is a viscosity L-subsolution and G C^'^(A) is 
viscosity L-supersolution. By Proposition 13. 141 we may assume that 

G is nonincreasing in y. (5-3) 

Assume to the contrary that c := -^[ul — Uq] > 0. Denote 

Xt := (n^ - + ct, Xt := ^tl{t<r} + XT-l{t=Ty, Yti^) ■= sup [X*''^]. 

rer* 

Since v}- ^U_\s bounded from above, and v? G ZYnC^'^(A) is bounded from below, it follows 
that X is a bounded process in U_. Let r* be the first time that Y = X. Note that < u^, 
and X €zU_ has positive jumps. Then it follows from Theorem 12.41 that 

£o[Xt] < £o[Xt] =cT< 2cT = Xq = < Fq = £o[Yr*] = £o[Xr*]. 

This implies that t* := t*(u*) < T for some u* £ Note that 

{u^ -uY{t*,^*) + ct* = Xt*{uj*) = Yt,{u*) > S^^X'^f*] > Tc > 0. 

Then {u^ - u^){t* ,uj*) > 0. Since - v? £ U^* , there exists H G V}* such that H < T and 
- n2)f > for ah t G [t*,H], and thus = xf = {u^ - u^)*' + ct for all 

t G [r,H]. 

Now observe that ip{t,uj) := (n^)**''^* (t, — ct G C^'^(A**), a consequence of our as- 
sumption G C^'^(A). Moreover, for any r G T^*, it follows from the £^'^-supermartingale 
property of the nonlinear Snell envelope Y that 

By the arbitrariness of r G T**, and the fact that £_^[-] = —£^[ — ], this proves that (f G 
A^u^{t* and by the viscosity L-subsolution property of u^: 

> {-dt^-G{.,u\d^y,,dl^ip)}{f,co*) 
= c-{dtu^ + G{.,u\d^u^dl^u^)}{t\uj*) 
> c- {dtu^ + G{.,u\d^u^dl^u^)}{t\uj*), 

where the last inequality follows from (|5.3p . Since c > 0, this is in contradiction with the 
supersolution property of . ■ 

As a direct consequence of the above partial comparison, we have 
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Proposition 5.4 Let Assumption \3.1\ hold true. If PPDE ()3.ip has a classical solution u, 
then u is the unique viscosity solution of PPDE (|3.ip with terminal condition u{T,-). 

In our accompanying paper [10], we shall prove the uniqueness of viscosity solutions 
without assuming the existence of classical solutions. 

6 Viscosity Solutions of Backward Stochastic PDE 

In this section, we show that our PPDE includes Backward SPDE as a special case. We 
remark that such BSPDEs arise naturally in many applications, see e.g. [H] and |16) . 
Consider the following BSPDE with adapted solution {u,q): 

r-T r-T 

u{t,u>,x) = ^{uj,x) + / F{s,uj,x,u, Du, D'^u,q, Dq)ds — / q{s,uj,x)dBs,¥o-8L.s. (6.1) 
Jt Jt 

where x G M*^', and D,D^ denote the partial gradient and Hessian with respect to the 
X— variable. Assume u G C^'^'^, where the derivatives in x are in standard sense and the 
smoothness in {t,uj) is in the sense of Definition 12.61 Fix x and apply Ito's formula we have 

du{t,uj,x) = [dtu + ^d'^^u){t,Lo,x)dt + duju{t,uj,x)dBt, Po-a.s. 

Comparing this with (16. ip we obtain 

q{t,uj,x) = daju{t,uj,x), {dtu + ]^d1^u){t,u),x) + F{t,u},x,u, Du, D'^u,q, Dq) = 0. 

This leads to a mixed PPDE: 

Cu{t,ijj,x) = 0, u{T,uj,x) = h{uj,x), a; G M, (6.2) 

where, for ip G C^''^''^, 

Cf := -dt<f-^dl^ip-F{.,ip,D<f,D'^<f,d^ip,Dd^ip). (6.3) 

To incorporate the mixed PPDE (j6.2p into our framework, we enlarge the space of 
paths to A := 17 X {u' G C'^([0, r],M''') : lo'q = 0}, where d' is the dimension of x. Denote 
A := [0, r] X n, and for all x G M'^': 

G''{t,Cd,y,z,j) := ^722 + w, x + w^, y, zi, 711, 2:2, 712) (t, a;, a; + w^), 
r(w) := ^iu,x + u'T), 

so that G^{t,.) and depend on cD = {uj,uj') only through the pair and (a;,a;^), 

respectively. 
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Definition 6.1 We say u is a viscosity solution (resp. super solution, subsolution) of 
BSPDE (|6.1|) if, for any fixed x, the process if^it^uj) := u(t,ijj,x + u}[), t S [0, T], cD = 
{uj,uj') is a viscosity solution (resp. supersolution, subsolution) of the PPDE: 

-dtu^{t,uj) - G^[t,Ld,u^,d(;jU^,dcjc::;U^) = 0, on A, and {T , Cj) = {uj) . 

Remark 6.2 In the same manner we may also transform the following Stochastic PDE 
into a (forward) PPDE: 

u{t^x) = uq{x) + I F{s,x,u,Ux,Uxx)ds + / q{s,x,u,Ux)dBs. (6-4) 
Jo Jo 

Due to its forward nature, the definition of viscosity solutions will be quite different. How- 
ever, the approach which will be specified in next section and in [TO] still works in this case. 
See Buckdahn, Ma, and Zhang [2]. ■ 



7 A revisit of semi-linear PPDE 

In |8j, we proved the comparison principle for semilinear PPDE (j4.3p . in the case a = Id- 
One important argument there is the Bank-Baum approximation in [Ij, which unfortunately 
does not seem to be extendable to the fully nonlinear case. In this section we provide an 
alternative proof of the comparison principle for semilinear PPDE (|4.3|) . This approach 
works in fully nonlinear case as well, but with much more involved technicalities, see our 
accompanying paper [TO] . 

In order to focus on the main idea and simplify the presentation, we restrict to the case 
a = Id- That is, we shall consider the following PPDE: 

Cu{t,Lj):=-dtu-^Id:dl^u-F{t,uj,u,d^u) = 0, u{T,cj) = ^{cj)- (7.1) 

We first give an alternative definition for viscosity solutions of semilinear PPDE (|7.ip . We 
remark that the key point in (|3.4|) and Definition 13.71 is that the class Vl covers all the 
probability measures induced by the linearization of generator F- In the semilinear case, 
since the diffusion term a is already fixed, we shall only consider the drift uncertainty 
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induced by the linearization of generator F, as we did in [8]. To be precise, define 



M^'" := exp^^ OsdBl — - \as\'^ds]; 



Vl := |p(-) := j M^^''d¥l : a is F*-prog. meas. M'^-valued and |a| < l|; 



Sh^] := supE^[C], £j:[C] := inf E^^]; 



PGP* 



AMi,^) ■■= \v e CI'\A') : {if - n*'-)t(0) = inf £j[{ip - n*'^).AH] for some H G 7:^), 
:4^n(t,w) := \ip G q^'^(A*) : {ip - n*''^)t(0) = sup £t[{ip - n*''^).AH] for some H G T^j. 

Here := {r G 7~* : r > t}. We note that in this case we don't need to assume H G "H* 
since one can easily solve the optimal stopping problem by using the Reflected BSDE theory. 

Definition 7.1 (i) Let L > 0. We say u £ U (resp. U) is a viscosity L-subsolution 
(resp. L- supers olution) of semilinear PPDE (|7.ip if, for any {t,uj) G [0,T) x Q and any 
if £ A^u{t,U!) (resp. if £ A^u{t,uj)): 

{_5^<^_ltr(al(^)-F*'-(.,n,a^(^)}(t,0) < (resp.y) 0. 

(ii) u £ U_ (resp. lA) is a viscosity suhsolution (resp. supers olution) of PPDE (|7.ip if u is 
viscosity L-subsolution (resp. L-supersolution) of PPDE (|7.ip for some L > 0. 

(iii) u£UCii{A) is viscosity solution of PPDE (|7.ip if it is viscosity sub- and supersolution. 

Under Assumption 14.31 following almost the same arguments and after obvious modifi- 
cation if necessary, one can easily check that Theorems 13.161 15.11 and Proposition 14.51 still 
hold. Moreover, we may improve the partial comparison principle of Proposition 15.31 as 
follows. First, we extend the space C^'^(A): 

Definition 7.2 Let t G [0,T], u : A* — M. We say u G (^^'^(A*) if there exist an increasing 
sequence of ¥^ -stopping times t = Hq < Hi • • • < T such that, 

(i) Hj < Hj+i whenever < T , and for all a; G il*, the set {i : Hj(a;) < T} is finite; 

(ii) For each i > and oj e n*, h^";^;^^'^ G T^'^"^) and uH'^'^)'^ G Cl'^{A'^^^'^\ii.^^!^'^''^)); 

(iii) n G C°(A*), and 

I [\dtu + ]-dl^u\'' + \d^u\'']{t,B)dt] <<x^. (7.2) 
- Jo ^ ^ 



E^6 



We note that the space C ' (A*) here is slightly different from that in [8j, and in [10] 
we shall modify it slightly further for technical reasons. Following the arguments in [8], 



28 



one may easily check that the partial comparison principle Proposition 15.31 still holds if one 
requires either or is only in C^'^(A), instead of C^'^(A). 
We now turn to comparison and uniqueness. First, define 

u{t,uj) := inf {?^(t,0) : -0 G V{t,u;)}, u{t,u;) := sup{tp{t,0) : £ V{t,uj)}, (7.3) 

where, for the C in (j7.ip . 



V{t,uj) := U e C7^'^(A*) : (^V)*'"" > on [t,T) x f]* and > C*'"^ 
V{t,io) := \ip G C^'^(A*) : (^V)*'"" < on [t,T) x f]* and < e*''^ 



(7.4) 



By the improved version of the partial comparison result of Proposition 15.31 it is clear that 

u < u. (7.5) 
A crucial step for our proof is to show that equality holds in the last inequality. 
Proposition 7.3 Under A ssumption \4-3\ with a = Id, we have u = u. 
We then have the following wellposedness result. 



Theorem 7.4 Let Assumption \4.3[ hold and a = Id- 

(i) Let be a bounded viscosity subsolution and v? a bounded viscosity supersolution of 
semilinear PPDE {7.1\) , in the sense of Definition \7. 1[ with u^(T,-) < ^ < ti^(T, •). Then 



< on A. 

(ii) The semilinear PPDE (j7.ip with terminal condition ^ has a unique viscosity solution 
u G UCh{A), in the sense of Definition\7.1\ 



Proof First by the partial comparison principle, we have <u and u<u'^. Then Propo- 
sition 17.31 implies < ii} immediately, which implies further the uniqueness of viscosity 
solution. Finally by Proposition 14.51 we have the existence. ■ 

Proof of Proposition [7731 Without loss of generality, we shall only prove u(0, 0) < u(0, 0). 
In light of Proposition 13.141 we may assume without loss of generality that 

F is nonincreasing in y. (7.6) 

For any e > 0, we denote 

Oe := {x G M'^ : \x\ < e}, := {x G M'^ : |x| < e}, dOe := {x G M'^ : |x| = e}; 
Of := [t, T) X 0„ Ol := [t, T] x 0„ dOf := {[t, T] x 80^) U ({T} x O,). 
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Let to = 0, xq = 0, (tj)j>i an increasing sequence in (0,T] with ti = T when i is large 
enough, and (xj)j>i a sequence in dOe. Set tt := (tj,Xj)i>o and 7r„ := {ti, Xi)o<i<n- Given 
TTn and G Of^, define 

Hq'^'" := {s > t : \Bl + x\=e}AT, H*ff := T A inf {s > H*'^'" : |5* - = e}, i > 0. 

i 

For t G (t„,r], let B^''^"'^'''^{uj) denote the linear interpolation of (ii, X^j=o ^i)o<i<n and 
(H*''''''(w),X;Lo2;i + X + B*t,,.,(a;))i>o. Define 

where, denoting h'i^''^ := t and omitting the superscripts ^•'^i'*'^^ 

Js i>-l » » » Jg 

It is straightforward to check that for all n and 7r„, the deterministic function 6^ := 6f^{iTn', •) 
satisfies the following standard PDE on Of^: 

-dtdl - \U : BH%, - F{s,u;--,ei,B9f,) = in O^, 
9^{TTn;t,x) = 6*^+1 (7r„, (t,3;);t,0) on aOf^, 

where lo^" := B^/^'^'^'^ is deterministic, and 0^(7r„;T, x) = ^(tD'^") when t„ = T. In particu- 
lar, by the PDE theory we see that 6*^ G 0^-^(0^^). 

We now let h| := H^''''^, and B^ the linear interpolation of (h|, i?H|)j>o- Define 

oo 

1p''{t,U)) := 'Y9^{{iil,Bal)o<i<n;t,Bt - )l[H^,H^^J• 
n=0 

One can check straightforwardly that is bounded, ip^{T,uj) = ^^{B^), and 

- dti^' - \h ■■ dl^t -f{s,Y, ^.^;,„.1[h.,h|^j, = 0. (7.8) 

Then Y := ip^ , Z := d^jilj" satisfy the following BSDE: 

Yt = i{B')+ I ^.%,.l[H.,H|^j,y„Z,)ds- / Po-a.s. 



j>-i 



]^ 2 

This implies (I7.2p and then iIj'^ ^ C ' (A) with the corresponding stopping times H^. Notice 
that - B\\t < e. Then 

oo 

\\i{B')-i{B)\\<po{e), \f[s, B'^,^lm,^^,),y,z) - F{s,B,y,z)\< p^{e). (7.9) 

i=-l 
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Set 



/ := V" + po(e)[l + T-t], f := V" - po{e)[l + T-t]. 

Then 

V^'>V'^ ?'eC'''(A), V^'(r,a;)>V'^(T,a;) + /9o(e)=e(^')+/5o(£)>e(S), 
and, by ([Tj]), UM^ and ([73]) 

> -dtr + Po{e) - : dl^r - 

> -dt^l^' - \h : dl^r - f[s, B.^^Hfl[H^H^^,),V'^5<.^^) = 0. 

i>-l 

That is, V'^ e P(0, 0). Then u{0, 0) < ^'^(O, 0). Similarly, one can prove u(0, 0) > ilf{0, 0). 
Thus 

u(0,0) -m(0,0) < v^'(o,o) -V:^(o,o) = 2po(e)[l + r-t]. 

Send e — 0, we obtain u(0,0) < n(0,0). This, together with (I7.5p . implies that u(0,0) = 
u(0,0). ■ 

Remark 7.5 The above proof of Proposition 17.31 takes advantage of the following three 
facts in the semi-linear case, which do not hold anymore in the fully nonlinear case in |10] . 

(i) The proof of partial comparison principle (in [8]) applies implicitly the dominated 
convergence theorem. In the fully nonlinear case, in order to avoid the application domi- 

I 2 

nated convergence theorem, we shall modify the space C ' (A) slightly. 

(ii) The functions 0^ can be defined via BSDEs. In the fully nonlinear case, in particular 
when there is no representation formula, we shall prove the existence of such satisfying 
(|7.7p in an abstract way in [TOj. 

(iii) The functions 6^ are already in C^'^. In the fully nonlinear case, this is typically 
not true, and then we shall approximate Of^ by smooth functions. ■ 
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